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Abstract. On the basis of Brodie’s definition of the work function and the length of spon-

taneous polarization of plasma, the following new formula for calculation of the work functions
of elements has been derivedi/eV = 43.46ur; 2(Eg/eV)~Y/2, wherer, is the electron

density parameter expressed in units of the Bohr radilgsis the Fermi energy and is an
empirical constanto( = 0.86 for the alkali metals, Ca, Sr, Ba, Ra and Tl, whereas 1.00 for
the remaining elements). The density parameter was calculated from the atomic mass, the bulk
density of the element and the assessed number of free electrons per atom which is equal to the
nominal valence of the element or, in the case of transition metals, close to this number (within
+0.5).

The values obtained by using the above formula are in excellent agreement with experi-
mental data for pure-metal polycrystalline surfaces, within 5% in most cases. A table with the
work functions and with complete input data for most of the elements is presented.

1. Introduction

In the classical approach, the work function is defined as the smallest amount of energy that
has to be given to an electron with the Fermi energy to enable it to be transported from the
solid to the field-free region external to the surface, if the solid remains at 0 K and no electric
fields are applied at the surface. The work function is a fundamental electronic property of
a metallic surface, which is becoming increasingly useful in calculating corrosion rates, the
yield of thermionic emission and spectral characteristics of photosensitive cells. Recently, it
emerged that it is a very important value in scanning tunnelling microscopy. Therefore new
accurate evaluations of the work functions for elements and alloys are very much needed.

A number of researchers have been interested in the calculation of work functions [1-
5]. However, because one has to consider a large number of particles and the interactions
between them in modelling the interface between the vacuum and the crystah thigio
methods that they used for calculating the work function, and other physical properties of
crystalline solids, were both complex and time consuming. The technique most commonly
used in calculations of electronic structures is the linear muffin-tin orbital (LMTO) method
described by Scriver [6]. The results obtained by using the LMTO and @hdnitio
methods seem to be inconsistent with experimental data [4].

Recently, Brodie [3] redefined the idea of the work function, reducing it to the work
done by an electron against the image forces. He expressed the work function in terms of
the atomic radius, the Fermi energy and the effective mass of the electron. In this paper,
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we consider an entirely novel approach to the application of Brodie’s definition, which is
based on the concepts of plasma physics. The new formula derived below appears to be
a fundamental relationship between the work function, the Fermi energy and the electron
density parameter.

2. Derivation of the novel formula

It was long ago realized that the work done against forces acting between an electron
emerging from a surface and its image charge contributes significantly to the work function
for metals; see, e.g., [7]. In the case of a planar conducting surface kept at zero potential,
the work required to remove an electron initially at a distasigéo infinity is

62
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wheree is the elementary charge andg is the permittivity of vacuum. Formula (1) is
applied in evaluation of the reduction of the work-function value that occurs when an
external homogeneous electric field is acting between a planar metal surface and a remote
anode (see reference [8], for example).

Recently, Brodie [3] has postulated that the minimum distafycat which the image
force begins to act may be calculated on the basis of the uncertainty principle:

h
do = S 2
whereh is Planck’s constanin* is the effective mass of the electron afd is the kinetic
Fermi energy. ldentifyingVimage With the work functiong, one obtains values gf that are
systematically too high on the basis of equations (1) and (2). This discrepancy led Brodie
to reconsider the work function @&image due to the interaction of the electron with the
individual surface atoms, treated as spherical conducting balls [3].

In this paper we return to formula (1), which holds for planar surfaces, but formula (2)
will no longer be used for the evaluation of thg-value. Instead, we recall some basic
formulae from plasma physics, such as those for the length of spontaneous polarization and
the screening length. The necessary modifications of these formulae will be made to make
them applicable to a ‘plasma’ constituted of free electrons and ions in a metal lattice.

Locally, plasma can spontaneously polarize itself, which means that electrons are
somewhat shifted against ions. The polarization requires energy, which in the case of
gaseous plasma is derived from the thermal energy, i.e. the average kinetic energy per
one degree of translational motioékT. In the case of free electrons in metals, such
polarization can be produced only at the expense of a reduction in the kinetic energy of
the electrons. Locally, the maximum possible gain of enetgy K is equal to the Fermi
energy, Er. At finite temperatures, this energy is defined with a precisior Tof hence
its relative uncertainty i€7/Eg, which is of the order of 1% at room temperatures, and
10% at the melting points of most refractory metals. The polarization length in a metal
may be evaluated by replaci@cT by Ef in the classical formula from plasma physics;
see reference [9], for example. This replacement leads to the expression

d = |2k 3)
ne

wheregg is the permittivity of vacuumg is the average density of free electrons in a metal
lattice ande is the elementary charge.

‘/Vimage =
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Let us compare thé-value with the Thomas—Fermi screening length, which corresponds
to the Debye length in plasma physics (see, e.g., reference [10]):

280E|:
3ne?

One can see thad = d/+/3; hence the ion is completely screened at a distance somewhat
larger thand [10]. It should be emphasized that both the ion screening and the image
forces appear due to the displacement of an electron from its average position. Therefore,
we assume that when an electron is shifted from a remote plane (where, under normal
conditions, the electron density tends to zeroYlpy= d/«, wherea is a factor of the order

of unity andd is given by equation (3), the ‘mother’ ion is completely screened, whilst
the image forces are just starting to act. In this way, the work function is calculated from
formula (1), in whichdy = d/a. Before doing this calculation, let us rewrite formula (1)

in a more convenient form'

o
¢= 287'[80(103 -2 R d/<ao> (5)

where ag is the Bohr radius (0.529 1&); the rydberg is the atomic unit of energy
(1 Ryd = 13.6058 eV). Thed-value is calculated using formula (3), in which the free-
electron densityg, is replaced by the density parameter, defined as follows [11]:

1 4

_ 3
- = zar;.

n 3
Now, formula (3) can be rewritten in the following way:

_ [rteime L _m (B2 e
(62/47T80610) 3ap  +/3\Ryd apg)

When this formula is substituted into (5), one obtains

D=

(4)

oe\/_ —1/2 7o —3/2
d — . 7
= D (Ryd) <a0> 0
For practical calculations, formula (7) may be rewritten in the form
1178 43.46«
p/e (8)

(e /RyDY? 1 (Ee/ev) 2

wherer; is expressed in atomic units (Bohr radii). One can see that the work function
is now expressed in terms of the density parameterand the kinetic Fermi energye.

The scaling factor was assumed to be equal to unity for all elements except the alkali
metals, Ca, Sr, Ba, Ra and TI, for which it was assumed to be equaB& 0dn this
paper thex-factor is treated as just an empirical constant, which can probably be estimated
theoretically; see the discussion section.

3. Results

The work function has been calculated for each element of the periodic table for which
Er-values were available. It should be noted that the error infthealue is less critical
than that inr;, because it propagates ¢gowith the factor of%. Evaluation ofr; is critical,

since it appears in formula (8) to the powerg)fand because in many cases it was difficult
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Table 1. Input values and the results of calculationSg-values below unity are expressed in
rydbergs; the data are taken from reference [17] if not stated otherwise in the ‘Remarks’ column.
The accepted values @f, A and p are taken from th&€€ RC HandbooK12]. Key to ‘Remarks’
column: ‘ZOA’' = zero-order approximation used in thg--estimation, after reference [11];

‘F" = formula (8) used for th&g-estimation; ‘Extrapolated= an extrapolatedz¢-value was

used in thep-estimation; ‘Interpolated= an interpolatedZe-value was used in the-estimation.

@/eVv
Iy Er

Element A (gen®) g rs/ao  (eV) Calculated  Accepted S¢/¢  Remarks
Li 6.94 0.534 1 3.26 474 292 2.9 0.00 ZOA
Na 22.99 0.9712 1 3.99 324 261 275 -0.05 ZOA

K 39.10 0.862 1 4.95 212 233 2.30 0.01 ZOA
Rb 85.74 1.533 1 531 185 2.25 2.16 0.04 ZOA
Cs 132.91 1.873 1 5.75 159 215 2.14 0.00 ZOA
Fr 223.02 2.6 1 6.12 15 2.0 — Extrapolated
Be 9.012 1.852 2 1.87 12.0 491 498 -0.01 Reference [16]
Mg 24.312 1.745 2 2.65 7.1 3.77 3.66 0.03 ZOA
Ca 40.08 1.54 2 3.26 520 2.78 2.87 -0.03

Sr 87.62 2.62 2 3.55 449 264 2.59 0.02

Ba 137.33 3.512 2 3.73 3.84 265 27 -0.02

Ra 226.025 5.0 2 392 3.0 2.8 — Extrapolated
Sc 44.956 2.989 2 2.72 7.54 353 35 0.00

Y 88.905 4.469 2 2.99 6.88 3.20 31 0.03

La 138.91 6.15 25 289 6.10 3.58 35 0.02

Ac 227 10.07 25 2.89 6.1 3.58 — Extrapolated
Ti 47.90 4.54 25 224 8.84 4.36 4.33 0.00

Zr 91.22 6.44 3 2.33 8,50 4.19 4.05 0.04

Hf 178.49 13.312 25 243 8.69 3.89 3.9 0.00

Y 50.941 5.96 25 2.09 11.09 4.32 4.3 0.00

Nb 92.906 8.57 3 213 10.82 4.25 43 -0.01

Ta 180.948 16.6 3 2.13 10.19 4.37 4.25 0.03

Cr 52.00 7.203 25 1.98 11.95 451 45 0.00

Mo 95.94 10.22 3 2.03 11.36 4.46 46  —-0.03

w 183.85 19.352 3 2.04 11.47 441 455 -0.03

Mn 54.938 7.20 25 201 12.2 4.37 4.1 0.03

Tc 98.906 11.50 3 197 10.9 4.8 — Interpolated
Re 186.2 20.53 3 2.01 10.9 4.62 472 -0.02

Fe 55.85 7.90 25 1.96 11.81 461 45 0.02

Ru 101.07 12.06 3 1.96 10.82 4.81 4.71 0.03

Os 190.20 225 3 1.97 11.06 4.73 483 -0.01

Co 58.93 8.71 25 1.93 10.52 5.00 5.0 0.00

Rh 102.91 12.44 25 207 9.26 4.80 498 -0.04

Ir 192.22 22.42 35 187 10.26 5.31 5.27 0.00

Ni 58.71 8.90 25 192 9.66 5.26 5.15 0.02

Pd 106.40 12.022 25 212 7.69 5.08 5.12 -0.01

Pt 195.09 21.452 35 191 8.79 555 5.65 —0.02

Cu 63.555 8.92 2 212 9.03 4.69 4.65 0.01

Ag 107.868 10.52 2 2.39 7.48 4.30 4.26 0.01

Au 196.97 19.296 25 222 7.25 4.88 51 -0.04
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Table 1. Continued.

p/eV

o EF
Element A (gem3) 2 rs/ag (V) Calculated  Accepted §¢/¢ Remarks
Zn 65.39 7.19 2 2.30 8.65 4.24 433 -0.02
Cd 112.40 8.67 2 2.59 6.45 411 422 -0.03
Hg 200.59 13.546 25 251 5.66 4.59 4.49 0.02
B 10.81 2.34 2 1.84 154 4.44 4.45 F
Al 26.98 2.699 3 2.07 11.3 4.34 428 -0.01 Reference [8]
Ga 69.72 5.903 3 2.19 104 4.16 4.2 0.00 ZOA
In 114.82 7.28 3 241 86 4.0 4.12 -0.04 ZOA
Tl 204.37 11.85 3 2.49 6.0 3.88 3.84 0.01
C 12.01 2.252 2 1.93 105 5.0 5.0 Graphite, F
Si 28.09 2.34 4 2.00 12.5 4.35 485 -0.11 Reference [8]
Ge 72.59 5.35 4 2.09 13.0 4.00 50 -0.25 Reference [8]
Sn 118.69 7.28 4 2.22 10.2 4.1 442 -0.07 ZOA
Pb 207.19 11.343 4 2.30 9.5 4.0 4.25 -0.05 ZOA
As 74.922 5.727 5 191 11.9 4.77 5.1 —0.07  Extrapolated
Sb 121.75 6.684 5 214 10.9 4.2 455 —0.08 ZOA
Bi 208.98 9.80 5 2.25 9.9 4.1 422 -0.03 ZOA
Se 78.96 4812 6 194 75 5.9 5.9 F
Te 127.60 6.00 6 212 8.0 5.0 4.95 F
Po 210.05 8.8 6 2.20 7.0 5.0 — Extrapolated

2 Reference [18].

to estimate how many of the valence electrons (per atom) may be treated as free electrons.
We calculated; from the following formula [11]:

1/3
ry = 1.3882ao<—> 9)
zp

whereaqg is the Bohr radiusA is the atomic mass given in grams,is the bulk element
density at 300 K in g cm* (both of these latter values were taken from @RC Handbook
[12]) andz is the number of free electrons per atom.

It follows from formulae (8) and (9) that the error in thevalue propagates tp with a
factor of % Therefore the maximum error ip for the transition metals due to uncertainty
in the z-value (assuming thakz = +0.5) may be estimated as 12 and 8% for 2 and 3,
respectively. By careful selection ef with the help of the periodic table, this error can be
reduced by at least a factor éf The remaining input values in formula (9, and p, are
known with high precision. The input dat®, o andz, together withr,, Er, ¢ calculated
using formula (8) andp accepted on the basis of experimental determinations, are given
in table 1. In the penultimate column the relative differences between the calculated and
accepted values are given. The accepted values were taken, if not stated otherwise, from
the CRC Handbook

Despite some difficulties being encountered in the selection-@dlue, the results
obtained are in excellent agreement with the accepted experimgntalues for poly-
crystalline surfaces. The relative difference between the calculated and accepted values
rarely exceeds 5% (see table 1). The agreement with accepted values is much better
than that obtained previously by LMTO methods [2] or by using Brodie’s approach [3]. The
comparison of the calculated values with the experimental data is also shown in figure 1.
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Figure 1. Comparison of calculated and accepted work functions of the elements for which data
on the Fermi energy were available to the authors.

Because the density parameter changes monotonically within groups of elements, we
have used this property for extrapolation and interpolation purposes in the cases where
insufficient data were available. The extrapolation was applied for Fr, Ra and Po. On the
basis of the extrapolated-values and atomic masses, the estimation of their densities was
possible. Moreover, extrapolation of the Fermi energy, which also changes in a regular
fashion, enables the work functions to be estimated. In similar way, the interpolation
procedure was applied to Tc. These values are listed in tableitalics, to indicate that
they are less well substantiated than the remaining data.

4. Discussion

As was stated above, the selectionzois not a trivial task. This is particularly the case
for the transition metals, where the hybridization of s and d orbitals may explain some
departures of the-value from the nominal valence. Our best selection is shown again,
together with calculated,-values, in the format of a periodic table which is usually used
for displaying the electronic configurations of atoms (table 2). One can see that in several
cases fractional numbers were used. Use of fractional numbetsléads to a smoothing
of the ry-values among groups and to better agreement of the calcujatedues with
experimental data.

The next point, which would merit further study, is the evaluation of the scaling constant,
a. This defines the fraction of the polarization length from which the integration of the
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image force should be done:

00 62

e [
1mage dja eo(2r)?

whered is defined by formula (3). The integration leads to formula (1) and, in consequence,
to formula (8) for the calculation of the work function in which the scaling factor appears.
Initially in this study, we assumed = 1 for all of the elements for which data on
Er are available. However, we noticed that the values for the alkali metals and heavier
alkaline-earth metals significantly depart from the plot of calculated versus accepted work
functions. Fortunately, these elements and Tl were found to be shifted to the ‘line of
agreement’ (figure 1) by multiplying the calculated values by a common factor=00.86.
Since all of these metals are weakly bound, we assume that the common factor 0.86 may be
evaluated theoretically. In the case of weak binding of atoms in the crystal lattice, this does
not lead to a substantial change in the interlayer distance between the first and second layer
of atoms. Therefore we may use the bulk element density in-#ualculation (formula
(9)). For the remaining elements, however, we cannot ignore the interatomic forces, which
lead to some increase of the surface density—by about 10%. Such a conclusion is in
accordance with data on the relaxation of the topmost interlayer spacing (see, e.g., chapter
19 in reference [10]).
For a comparison of the present approach with the traditional theories for the work
function, let us calculate the value df« from equation (5):

13.61 eV
20

According to this formula, fop ranging from 2 to 5 eV, the correspondihgvalue varies
from 3.4 to 1.4, respectively (table 3). Most of the calculations of the electron density
profiles were done using the jellium model, which is a good approximation in the case of
simple metals. The calculated profiles are cut off at a distance off€.5e. half of the
Fermi wavelength [13]ar = 27/ kg, wherekg is the Fermi momentum expressed in atomic
units. From the Sommerfeld theork; may be related to the -value as follows:

ke — 1.919. (12)

s

(10)

b =d/(aagp) = (11)

Henceig = 27 0.521r;/ag. Taking ther;-values for the alkali metals from table 1, one
obtains the cut-off lengths of the electron density profiles. These values may be compared
with the b-values. As is seen from table 3, these values represent a nearly constant fraction
of the cut-off length of the electron density. A similar fraction is obtained for the Al(111)
surface on the basis of density profiles calculated by Chelikowskil [14] and using
equation (11).

It is very tempting to conclude from the above comparisons that the work function is
controlled as much by the range of the density profile (the cut-off value) as by the length
of polarization,d, scaled by the factax. The values of the sum -+ b given in table 4 are
always double the values of the covalency radiRisIn the case of Al, the distanee+ b
is measured from the plane of the surface atom nuclei, while in the remaining cases it is
measured from the edge of the positive background (in jellium model terminology). The
influence of the dipole barrier which forms at the metal surface [19] seems to be negligible
at the distance: + b, because the strength of the electric field decays rapidly (with
wherer is the distance from the dipole centre). However, this barrier may modify our
d-value by a factor slightly different from unity.
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Table 2. A ‘periodic table’ with electron configurations and our best selectiop-eflues and
density parameterns (in Bohr radii). Format of entriesz, above chemical symbol for element,

abover,.
Sl S2 p p2 p3 p4 p5 p6 dl d2 d3 d4 d5 d6 d7 dS d9 le
1s H He
1 2
2s Li Be
3.26 1.87
2 2
2p B C N O F Ne
1.84 1.93
1 2
3s | Na Mg
3.99 2.65
3 4
3p Al Si P S ClAr
2.07 2.00
4s, | 1 2 2.5 2
3d | K Ca 4t Cr Cu
4,95 3.26 1.98 2.12
2 25 25 25 25 25 25 2
49| sc Ti V Mn Fe Co Ni Zn
272 224209 2.011.961.931.92 2.80
3 4 5 6
4p Ga Ge As Se BrKim
219 2.091.911.94

As was estimated above, at the distance b the ‘mother ion’ on the metal surface is
completely screened by electrons. If an electron emerges beyond this distance, then image
forces are induced. We assume that, starting from this point, the classical Coulomb formula
may be used. The origin of the image potential and the limitations of the classical picture
are thoroughly discussed by Kiejna and Wojciechowski in chapter 12 of their monograph
[20]. It follows from that discussion that at large distances (above.dOthe classical
formula derived from the Coulomb law is in rather good agreement with recent quantum
mechanical calculations. For smaller distances, the quantum mechanical curve may depart
substantially or negligibly (depending on the assumptions and methods used) from the
classical one. A discrepancy between these curves for small distances may be corrected by
using a common (universal) factor, because the theoretical curves are plotted versus distance
expressed in Fermi wavelengthss, rather than in fixed units lik&ngstbms orag. Such
correction seems to be possible, becausedsualues are also related tq-. A detailed
discussion of this problem is beyond the scope of this paper. For the moment, the excellent
agreement between the experimentally determipe@lues and those calculated here may
be considered as proof thatdoes indeed equal the work done against the image forces.
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Table 2. Continued.

sl SZ p p2 p3 p4 p5 p6 dl d2 d3 d4 d5 dG d7 d8 d9 le
25
59 Pd
2.12
5s, |1 2 3 3 3 25 2
4d | Rb  Sr 58t Nb Mo Ru Rh Ag
5.31 3.51 2.132.03  1.962.07 2.39
2 3 3 2
59| Y zr Tc cd
2.99 2.33 1.97 2.59
3 4 5 6
5p In Sn Sb Te | Xe
241 222214212
6s, |1 2 35 25
4f, | Cs Ba 6st Pt Au
5d | 5.75 3.73 191 2.22
25 253 3 3 3 35 25
6| La Hf Ta W Re Os Ir Hg
2.89 2.432.132.042.011.971.87 2.51
3 4 5 6
6p Tl Pb Bi Po AtRn
2.49 2.302.252.20
7s, | 1 2
5f, | Fr Ra 7st
6d | 6.12 3.92
25
7¢| Ac Th
2.89

The plot in figure 1 reveals that the agreement in the case of semiconductors (Ge,
Si) is not as good as that for metals; the calculated values are clearly too low. This
discrepancy may be explained in the framework of the present model as follows. The
valence electrons in semiconductors are strongly localized as a result of the covalent bonding
of the atoms. Therefore the efficiency of the screening by the valence electrons is very poor.
In consequence, an electron emerging at distances difotds not totally screened from the
mother ion. Hence, the work required to remove an electron from this distance to infinity
is higher than that calculated using formula (8), which was derived under the assumption
of total screening.

It is also worth discussing the dependence of the work function on the density parameter
for polycrystalline metals. The calculated values are plotted versus figure 2. This
relationship can be explained simply, by noting th&¢ in Sommerfeld’s zero-order
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Table 3. The distance at which the image forces start to act, expressed in Bohr radii and in
angstoms.

¢/eV  d/(aag) d/(a A)

2.00 3.40 1.79
3.00 2.26 1.20
4.00 1.70 0.90
5.00 1.36 0.72

Table 4. A comparison of the cut-off lengths of the electron density profies; 0.5 Ag/ao,
with the values ob = d/(xap) for simple metalsR is the covalency radius.

Element a b bla a+b R/ag?
Li 5.33 234 044 7.67 2.65
Na 6.53 247 0.38 9.00 2091
K 8.10 296 037 11.06 3.74
Rb 8.69 3.15 0.36 11.84 4.15
Cs 9.41 318 0.34 1259 5.00

Al(111) 339 159 044 498 246

a Reference [14].
b Reference [21].

approximation can be expressed solely in terms ofrthealue, as follows:

501 eV
= 13
"7 (ry/ao)? 13)
Hence, according to formula (8), the functional dependemeg) is given by
F\ L2
p/eV = 6.15a(—5> . (14)
ap

The curves calculated according to equation (14) with- 0.86 anda = 1 are plotted in
figure 2. The plot for the group of alkali metals, Ca, Mg, Sr and Ba, fits the experimental data
fairly well. For the other elements, however, there are large departures from this relationship,
which can be attributed to the complexity of their electronic structures. Recently, a similar

relationship between and the work function was obtained in the framework of ideal-metal
theory [15].

5. Conclusions

1. We have derived a new formula which seems to be a fundamental relationship between
the work function, the Fermi energy and the electron density parameter. Its applicability
has been demonstrated for metals and semimetals, but not for semiconductors, for which
the calculated values are too low due to low screening efficiency.

2. The present model is based on the definition of the work function (initially applied
by Brodie) in which it is identified with the work done against image forces only. We
estimated that excursions of an electron beyond the cut-off of the electron density profile

(at about 40% of its extent) may be achieved entirely at the expense of loss of Fermi
energy.
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Figure 2. A plot of calculated work functions versus the density parameter. The curves were
calculated using equation (14) far= 1 (solid curve) andx = 0.86 (broken curve).

3. The agreement obtained in this study between the calculated work functions and the
best experimental values is much better than what has been achieved so far by using
LMTO methods or Brodie's approach.

4. By extrapolation (or interpolation) of the regularly varying electron density parameter
among the groups of elements, and by the use of the new formula, it was possible to
estimate the work functions for Fr, Po, Ra and Tc.
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